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(57) Abstract

tial equations.

(54) Title: METHOD FOR FAST KALMAN FILTERING IN LARGE DYNAMIC SYSTEMS

The invention is based on the use of the principles of Lange's Fast Kalman Filtering (FKF) for large process control, pre-
diction or warning systems where other computing methods are either too slow or fzil because of truncation errors. The invented
method makes it possible to exploit the FKF method for dynamic multiparameter systems that are governed by partial differen-
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METHOD FOR FAST KALMAN FILTERING IN LARGE DYNAMIC SYSTEMS

Technical Field

This invention relates generally to all practical applications of the
Kalman Filter and more particularly to large dynamical systems with a
special need for fast, computationally stable and accurate results.

Background Art

Prior to explaining the invention, it will be helpful to first
understand the prior art of both the Kalman Filter (KF) and the Fast Kalman
Filter (FKF™) for calibrating a sensor system (WO 90/13794). The underlying
Markov process is described by the equations from () to (3). The first
equation tells how a measurement vector y, depends on the state vector s,
at timepoint t, (t=0,1,2..). This is the linearized Measurement (or

observation) equation:
Y= Hes toe @)

The design matrix H, is typically composed of the partial derivatives of
the actual Measurement equations. The second equation describes the time
evolution of e.g. a weather balloon flight and is the System (or state)
equation:

S = S + LA + a (2)

(or, s, = As_; +Bu ; + 8 more generally)
which tells how the balloon position is composed of its previous position
s,y as well as of increments u_, and a,. These increments are typically
caused by a known unmiform motion and an unknown random acceleration,
respectively.
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The measurement errors, the acceleration term and the previous
position usually are mutually uvncorrelated and are briefly described here
by the following covariance matrices:

Ret = Cov(et) = E(etet’)
Ra‘ = Cov(at) = E(atat’)
and (3)

Pia =C°"(St-1)=B{(st-l'st-l)(st-l"st-l),}

The Kalman forward recursion formulae give us the best linear unbiased
estimates of the present state

=51 %1 +Kt{yt'Ht(st~1 +“t—1)} )
and its covariance matrix
P, = Cov(s) = P, -KHP, e}

where the Kalman gain matrix K, is defined by
—_— L £} '1
K =y 1 +RJE{H P +R HHR, | ©®

A~

Let ws nmow partition the estimated state vector s, and its covariance
matrix Pt as follows:

8= bt , Pt=Cov(st)= Pbt Cov(bt,ct) @)
¢ Cov(ct,bt) Pc1

where bt tells us the estimated balloon position; and,
¢, the estimated calibration parameters,

The respective partitioning of the other quantities will then be as

follows:
B= [Hbl Hct]=[xt Gt]’ w= ubt > A= abt ,

uc ac
t t

and, ®

Ra = Ra Cov(ab »8 )
T b: t t
Cov(ac,ab ) Ra

t t (:1
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The recursion formulac from (4) to (6) gives us now a filtered (based
on updated calibration parameters) position vector

-~ .y

bt=bt_1+nb'-l+Kb!{yt-Ht(st_1+ut_l)} ©)
and the vpdated calibration parameter vector

ct=ct—1+uct_i+Kcl{yt'Ht(st-1+ut—l)} (10
The Kalman gain matrices are respectively
— 14 kd 1 -1
Kbt-—(Pb‘-1+Rab)Hb'{Ht(Pt_1+Rat)Ht+Rc‘} +...
1
and (11

— 3 £ "1
K, =( +R, )ch{Ht(Pt_I+Ra‘)Ht+Rc‘} +...
1

The following modified form of the general State equation is
introduced

As , +Bu _, = Is +A(S; 15,1 B, (12)

where ; represents an cstimated value of a state vector s. Combine it with
the Measurement equation (1) in order to obtain so-called Augmented Model:

¥q H, €t
- = s, + N a3
AS -1 +But_1 I A(st—l'st-l)'at
ie. Z, = Zt S, + &

The state parameters can now be computed by using the well-known solution
of a Regression Analysis problem given below. Use it for Updating:

s, = @vizylzvls (4)
t ttt ttt
The result is algebraically eguivalent to use of the Kalman Recursions but
not pumerically. For the balloon tracking problem with a large number
sensors with slipping calibration the matrix to be inverted in equatioms
(6) or (11) is larger than that in formula (14).
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The initialization of the large Fast Kalman Filter (FKEF™ for solving
the calibration problem of the balloon tracking sensors is done by Lange’s
High-pass Filter. It exploits an. analytical sparse-matrix inversion
formula (Lange, 1988a) for solving regression models with the following
so-called Canonical Block-angular matrix structure:

11=% GyiliPe] (e
Y2 X, 6 by €y (15)
K. XgCglie e

This is a matrix representation of the Measuremeni equation of an entire
windfinding intercomparison experiment or one balloon flight. The vectors
bl’b2"“’bK typically refer to consecutive position coordinates of a
weather balloon but may also contain those calibration parameters that
have a significant time or space variation. The wvector ¢ refers to the
other calibration parameters that are constant over the sampling period.

The Regression Analytical approach of the Fast Kalman Filtering
(FKF™) for updating the state parameters including the calibration drifts
in particular, is based om the same block-angular matrix structure as in
equation (15). The optimal estimates (*) of bl’bZ’“’bK and ¢ are obtained
by making the following logical insertions into formula (15) for each
timepoint t, t=1,2,...:

Yex X x
L N L S i &
-1,k bt_1
|tk | ek -
Gk.— m———=—=1l bk.—'bt,k, alld,
[
e =\ A tk ;  for k=1,....K;
®r 1,k P10,
and, (16)

A

) SSUL SRR &5 by [empty];

GK+1:=[ 1 ]5 c:=¢;; and, eI<:+1:=("t-1":t-1)"’ct
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These insertions concluded the specification of the Fast Kalman Filter
(FKF™ algorithm for calibrating the upper-air wind tracking system.
Another application would be the Global Observing System of the World
Weather Watch. Here, the vector y, contains  various observed
inconsistencies and systematic errors of weather reports (e.g. mean
day-night differences of pressure values which should be about zero) from
a radiosonde system k or from a homogencous cluster k of radiosonde
stations of a country (Lange, 1988a/b). The calibration drift vector bk
will then tell us what is wrong and to what extent. The calibration drift
vector ¢ refers to errors of a global mature or which are more or less
common to all observing systems (e.g. biases in satellite radiances and in
their vertical weighting functions or some atmospheric tide effects).

For all these large multiple sensor systems their design matrices H
typically are sparse. Thus, one can usually perform in ome way or another
the following sort of

b1 Yi1] %1 5 Gt.1
Partitioning:  s,=|} y,=|Tt2| H= 1,2 1.2
L K : . :
e t,K- X Sk
an
A 1
A= . and, B = .
Ag Bx 4
(% c
where ¢, typically represents calibration parameters at time ¢
bt k all other state parameters in the time and/or space volume
A’state transition matrix (bock-diagopal) at time t
B matrix (bock-diagonal) for state-independent effects u, at time t.
Consequently, two {or three) types of gigantic Regression Analysis problems
A = Z, s, + €, (18)

were faced as follows:
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Augmented model for a space volume case: scec also equations (15) and (16),
e.g. for the data of an entire windtracking experiment with K consecutive
balloon positions:

. Y X1 G|l | . €, 1
Apbi 1B =1 by 21 +]A My 170y, 1%

TSR L 79 § I S t,1

. Y ,2 Xy 2 iGyall; " €.2
Aabr12¥B2% R :# bx! [A2tbg 2Py ,2)“‘bt,‘2
. I | _

~ YK X x:CK R €.K
APk P B, ) o 1 5_~ AK(bz-l,K'bt-l,K)'abt’I_(
hAcet-l +Bc“ct_1 ] L . | '_Ac(ct-l S | )'act ]

Augmented Model for a moving time volume (e.g. for "whitening” an observed
"innovations” sequence of residuals e, over a moving sample of length L):

t
L 1 [ By Fy HE 17 . € ]
Ascy*Buy 4 =11 : Sp1 | F|AGyg-sg) -8y

LY H g Fia : N €1
Aot g 1 s (AGgsig) -Rg
— _ LC‘ J

AT Hepr1:FeLer . € L+1
Asp tBug g : I AlSy 1-8, 1) -8y 1 43
‘AC" 1¥Bv -1t 2 1 ] _A(ct-l'ct-l ) - act ]

Please observe that the matrix formula may take a “mested” Block-Angular
structure. Fast semi-analytical solutions based on

R A,
Updating: §, = {z;v;lzt} ZVlz, (19)

for all these three cases were published in PCT/FI90/00122 (Lange, 1990),
WIPO, Geneva, Switzerland.

SUBSTITUTE SHEET
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The Fast Kalman Filter (FKF") formulae for the recursion step at any
timepoint t were as follows:

1
.~ » -1 b4 -1 p —
st_l_{X VIX —1} X, V3, ,G.Cp for 1=0,12,... L1

41 L (20)

- L . 5
¢ =42 Gt-lRt-th-l z Gt-lRt-Iyt-l
1=0 =0
where, for 1=0,1,2,...,L-1,

> - -1 -
Ry~ V:I‘[I i Xt-l{Xt-thllXt-l} t-l tll}

v Cov(e,_;)

-l

Cov A(st-l-l'st-l-l)'at-l}
Yiol
Yr= [ - ]
As g +Be

X~ [—H—t‘“l]

I

F
0[]
and, i.e. for I=L,
R VEEL

V, .= Cov A(Ct-l'ct-l)'act}
Y= 4Gy "'B“ctﬂ1

G .="L

t-L
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A major R & D project was initiated in 1988 which led to the start of
cooperatior between ECMWF and Meteo-France for the coding of a dynamical
atmospheric model, an optimal interpolation, a  variational data
assimilation and a XKalman Filter (FK), all in the same framework. The
project is called IFS (Integrated Forecasting System), see Jean-Noel
Thepaut and Philippe Courtier (1991): “Four-dimensional variational data
assimilation using the adjoint of a multilevel primitive-equation model”,
Quarterly Journal of the Royal Meteorological Society, Volume 117, pp.
1225-1254.

Similar Kalman Filter (FK) studies have recently been reported also by
Roger Daley (1992): "The Lagged Innovation Covariance: A Performance
Diagnostic for Atmospheric Data Assimilation”, Monthly Weather Review of
the American Meteorological Society, Vol. 120, pp. 178-196, and Stephen E.
Cohn and David F. Parrish (1991): "The Behavior of Forecast Error
Covatiances for a Kalman Filter in Two Dimensions”, Monthly Weather Review
of the American Meteorological Society, Veol. 119, pp. 1757-1785.
Unfortunately, the ideal Kalman Filter systems described in the above
reports have been out of reach at the present time. Dr. T. Gal-Chen of
School of Meteorology, University of Oklahoma, reported in May 1988: "There
is hope that the developments of massively parallel super computers (e.g.,
1000 desktop CRAYs working in tandem) could result in algorithms much
closer to optimal...”, see “Report of the Critical Review Panel - Lower
Tropospheric Profiling Symposium: Needs and Techmologies”, Bulletin of the
American Meteorological Society, Vol. 71, No. 5, May 1990, page 684.

There exists a need for exploiting the principles of the Fast Kalman
Filtering (FKF") method for a broad technical field (broader than just
calibrating a sensor system in some narrow sense of word “calibration”)
with equal or better computational speed, reliability, aceuracy, and cost
benefits than other Kalman Filtering methods can do.
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Summary of the Invention

These nceds are substantially met by provision of the generalized Fast
Kalman Filtering (FKF") method for calibrating and adjusting the sensors
and various model parameters of a dynamical system in real-time or in near
real-time as described in this specification. Through the use of this
method, the computation results include the forecast error covariances that
are absolute pecessary for warning, decision making and control purposes.

Best Mode for Carrying out the Invention

Prior to explaining the invention, it will be helpful to first
understand prior art Kalman Filter (FK) theory exploited in the current
experimental Numerical Weather Prediction (NWP) systems. As previously,
they make use of equation (1):

Measurement Equation: ¥, = Ht s, + ¢ -..(linearized regression)

where state vector s, describes the state of the atmosphere at timepoint t.
Now, s  wusuvally represemts all gridpoint values of atmospheric variables
e.g. the geopotential heights of a number of different pressure levels.

The dynamics of the atmosphere is governed by a well-known set of partial
differential equations ("primitive” equations). Making mse of the so-called
adjoint operator of the model the following linear expression of equation
(2) is obtained for the time evolution of the atmosphere at each time step:

State Equation: S =As ) +Bu_; +a

. ...(the discret ized

dyn-stoch model)

The four-dimensional data assimilation results (st) and the NWP forecasts
(% t), respectively, are obtained from the Kalman Filter system as follows:

§, = st+I<;t(yt-H,C St)
21)

¢ = A 5.1 + B u 4
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where P = Cov(%’t) = A Cov(;t_l) AT+ Qt ...(prediction accuracy)
Cov(a,) = E a, a; ...(system noise)
Cov(et)

~ 0o
o

I

E e e; ...{measurement noise)

and the crucial Updating computations are based on the following Kalman
Recursion:

K, =P H P, H +R)! ...(Kalman Gain matrix)

Cov(gt) = P, -K H P, ...(estimation accuracy),

The matrix inversion needed here for the computation of the Kalman Gain
matrix is exceedingly difficult for any realistic NWP system because the

data assimilation system must be be able to digest several ten thousand
data elements at a time.

The method of the invention will now be described. We start with the
Augmented Model from equation (13):
Ve H, &
A = st + ~
Ast_ 1 -F-But_1 I A(St—l'st-l)“at

ie. z, = Zt S, + &

For the four-dimensional data assimilation the following two equations are
obtained for its Updating:

;t = (zzvilzt)'IZ;V;Izt ...{optima] estimation,
1 by Gauss - Markov)
= [y w1 -1 » -1 -1
= {Ht R, + Pt} @&y, + Pl Yy @2)
b4 "~ .
or, =5, + Kt (yt - Ht s t) ...(alternatively)
and,
Cov(s) = B(s,5)(s;-s) = (Zviz)] 23)

-1
= {H; REIHt + PEI} ...(estimation accuracy)
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where, as previously,

L4

5, = A gt—l + Bu ...{NWP "forecasting”)

P, = Cov(s,} = A Cov(s,_;) A" + Q, 24)
but insteaf of

K, = P, B, (8, P, H + R ...(Kalman Gain matrix)

-1

we take X, = Cov(Et) H, R,

(25)

The Augmented Model approach is superior to the use of the Kaiman
Recursion formulac for a large vector of input data e because the
oomputatiou‘\ of the Kalman Gain matrix K, required a buge matrix inversion
when Cov(s,) was unknown. Both methods are algebraically and statistically
equivalent but certainly not numerically.

Unfortunately, the Augmented Model formulae above may still become much too
difficult to bandle numerically if the number of the state parameters is
overly large. This actually happens, firstly, if swate vector s consists
of enough gridpoint data for a realistic representation of the atmosphere.
A spectral decomposition (or empirical orthogonal fuactions) could be
attempted here for the purpose of decreasing the number of state
parameters. Secondly, there are many other siate parameters that must be
included in the state vector for a realistic NWP system. These are first of
all related to systematic {calibration) errors of observing systems as well
as to the so-called physical parameterization schemes of small scale
atmospheric processes.

Fortunately, all these problems are overcome by using the method of
decoupling states through exploitation of the gemeral Fast Kalman Filtering
(FKF™ method. For the large observing systems of the atmosphere their
design matrices H typically are sparse. Thus, one can perform the following

D, 1 Yi,1 1y St,1
Partitioning:  s5,=|; ¥ = 2| H= 1,2 7t,2

LK : . :

% Yt K X x Gx
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Ay B 6
A =3 and, B =|:

Ag By

AC BC

where ¢, typically represents ”calibration” parameters at time t
bt,k values of atmospheric parameters at grid point k (k=1,...K)
A state transition matrix at time t (submatrices Al""’AK’A c)
B for state-independent effects (submatrices Bl,...,BK,Bc}.

Consequently, the following gigantic Regression Analysis problem is faced:

~ Y1 X1 ;Gt,l 1 ~ G,
AgSeTByu = L : b o |F Al(st-l'st-l)'aht . @7n
~ Y2 Xt,2 _EGt,z : ~  %t,2
Ags 1tBau P 5 bl [A20erSia) B,
SV ———— ————— m—— - —Ct 4 -
~ Yt .x X k: Ok ~ &k
Ags, 1 tBgu SR AR(Ge1Se1) B
»Acst-1+Bc“t~Id i P | _"ic(st—l'st-l)'act ]

The Fast Kalman Filter (FKF") formulae for the recursion step at any
timepoint t are as follows:

-1
~ _ , -1 s -1 -~ _
bt,k_{Xi,kVt,kXt,k} kY OeprOen  for k=12,...K
28)
. K .1 K (
c. =12G  R.G > G R

t {k=0 ekt otk 2o ek Lk
where, for k=12,... K,

] - -1, -
R = ng{l - Xt,k{Xt,kVt}kXt,k} tk t}k}

Cov(et,k)

Vt,k=

Cov{A (5. 1-5. )-8 }
e S U

SUBSTITUTE SHEET
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Yeok
Y: k=[ A ’ ]
AySey + Beo,

Xix= [ Xt’l{]

I

G
Gt,lc= [ t’k]

and, i.e. for k=0,

_ v-l
Rt,o_ Vt,O

Vt,0= Cov Ac(st-l'st-l)'act}
Yi0= 4511Bu,

G

1,0~ L

The data assimilation accuracies are obtained from equation (23) as
follows:

Cov(s) = Cov(f)t,l,...,f)t’K,gt) 29)
=  |C;+DSD; D,SD; D,SD; DS
D,SD]  C,+D,SD; D,SD;  -D,S
Dy SD} DgSD;  Cp+DpSDr  -DyS
-SD} -SD} SDg s
where C = {X: ,kv;kat’k}-l for k=1,2,....K

-1
—_ » -1 y -1 N
Dk - {Xt,k t,kXt,k} tk Gt,k for k=1.2,... K

X ., 1
S = {kz Gt,th,th,k}

=0
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Through these semi-analytical means all the matrices to be inverted for the
solution of gigantic Regression Analysis medels of type shown in equation
(27) are kept reasomably small and, especially, for the preferred
embodiment of the invention for an operational Numerical Weather Prediction
(NWP) model and four-dimensional data assimilation system that is much too
large to be specified here. Cbviously, the error variances and covariances
of the forecasts and the data assimilation results are derived using
equations (24) and (29), respectively.

The generalized Fast Kalman Filtering (FKF) formulae given in
equations (28) and (29) are pursuvant to the invented method.

Those skilled in the art will appreciate that many variations could
be practiced with respect to the above described invention without
departing from the spitit of the invention. Therefore, it should be
understood that the scope of the invention should not be considered as
limited to the specific embodiment described, except in so far as the
claims may specifically include such limitations.
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