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1. INTRODUCTION

A general mathematical model for meteorological balloon tracking
was formulated by the author in 1975, see Lange (1984). The problem of a
once-only statistical calibration of different tracking signals and sensors
was also solved for a large windfinding experiment made in 1972. The
same approach was later applied to the centralised processing of Omega
signal data acquired by the WMO Modular NavAid Sounding Systems of
the Tropical Wind Observing Ships (TWOS) of the Global Weather
Experiment (GWE) 1978-79, see Jatila (1996). True signal bearings of
antipodal signals from the Omega Navigation Network were detected, see
Lange (1982). Omega ceased its operation in September 1997 which
caused trouble to synoptic upper-air windfinding in large areas of the Earth.
Hybrid systems using both conventional tracking sensors and Navigation
Aid signals (NavAids) could alleviate the situation. An important issue is
how to perform the statistical fusion of different signals from many sources.

2. THE MATHEMATICAL MODELS

2.1 Conventional tracking

The physical dependencies between conventional tracking sensors
and unknown Cartesian balloon co-ordinates xb, yb, zb are as follows:

h = zb -z0  + 0.5 (ρ cosε)2/(R+ρ sinε)
α = arc tan ((yb-yα)/(xb-xα)) + δ(xb-xα<0) π (1)

ε = arc tan ((zb -zε)/ (x  - x y yb bε ε) )2 2+ ( − )  

ρ = (x - x ) + (y - y ) + (z - z )b 0
2

b 0
2

b 0
2  

where h, α, ε and ρ are balloon height, azimuth, elevation and distance,
respectively, which are measured, and where  δ(xb-xα<0) = 1 if xb-xα<0 and
otherwise = 0. The known parameters are coordinates x0, y0, z0 and xα, yα,
xε, yε, zε of a sounding station and of its equipment, respectively. These are
optical/radio theodolites or primary/secondary radars. The correction 0.5 (ρ
cosε)2/(R+ρ sinε) is needed because of the Earth’s curvature where R is the
radius (WMO, 1996). Measurement errors have both random and
systematic components. The systematic errors are caused by calibration
errors of the tracking sensors.
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2.2 Tracking based on terrestial NavAids

The meteorological use of NavAid signals for tracking purposes was
initiated by John M. Beukers in 1964. The general physical dependency
between a NavAid pseudo-distance ϕ (or pseudo-range, signal phase, etc.)
and the three position co-ordinates xb, yb and zb can be expressed locally by
P. Karhunen’s (1978) equation:

ϕ&  = &ρ  + &xb sinλϕ + &yb cosλϕ + τ&  + &γ ϕ (2)

where λϕ  = direction of propagation of NavAid signal ϕ;
&ρ    = velocity with which the balloon is gaining distance;
τ&    = phase velocity error of the local time-reference oscillator;
&γ ϕ  = phase velocity error caused by anomalous signal propagation.

 
Equation (2) covers both the elliptic solution of D. T. Acheson (1974) and
the standard hyperbolic solution, see R. M. Passi (1978) or Lange (1975).
The four unknown quantities to be solved here are the three velocity
components &ρ , &xb , &yb  and the time-reference oscillator error τ& . The error
&γ ϕ  results from signal propagation anomalies and it can usually be dealt

with differential NavAid correction. Thus, three NavAid signals are usually
needed for upper-air windfinding as the heights of a balloon are obtained
from hydrostatic computation based on the pressure, temperature and
humidity (PTU) measurements. NavAid-sondes using signals from Loran-C
chains, the Russian Alpha (Sigma) navigation network and VLF time-
dissemination/communication transmitters have been available.

2.3 Tracking based on Loran-C signals

 Strong upper winds often move the balloon to be tracked far away
from the sounding station and the bearing λϕ of a signal ϕ may need
adjusting. Its effect is similar to the correction that is needed for balloon
heights h due to the Earth’s curvature. Phase velocity error τ&  is caused by
errors in tuning the local time-reference oscillator to the 100 kHz nominal
frequency of Loran-C signals. Thus, the phase shift τ of an affordable
crystal oscillator typically exhibits a linear trend plus random walk. The
phase shift γϕ is nearly constant in time but it may vary due to skywave
reflection or other Loran-C signal anomalies (Lange, 1985).
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 The differential equation (2) of the observed pseudo-distances of a
Loran-C signal for a balloon path can be expressed in vector form:

∆ϕϕ = ∆ρρ + ∆xbsin λϕ + ∆ybcosλϕ + ∆ττ + ∆γγϕ + ∆eϕ  (3)

where ∆ = 

−
−

−



















1 1

1 1

1 1

O O
;

ϕϕ = the vector of the observed pseudo-distances;

ρρ, xb, yb, ττ, γγϕ = the vectors of the unknown distances, coordinates,
oscillator random walk and signal anomalies, respectively; and,
eϕ = the vector of measurement errors.

The increments in equation (3) are now integrated over the balloon path by
multiplying it from its left hand side by the triangular summation matrix:

Σ =

1

1 1

1 1 1

M O

L



















 (4)

The consecutive positions are indexed with k,  k = 1, 2, …, K. Vector ϕ1I
is added to both sides of (3) after the integration made by (4). It can be
noted that ϕ1 ≡ ρ1 + (x1-x0)sinλϕ + (y1-y0)cosλϕ + τ1 + cϕ + eϕ,1 where cϕ is a
constant ≅ γϕ+x0sinλϕ+y0cosλϕ if λϕ is about constant. Thus, the regression
equation system for one Loran-C signal obtains the following vector form:

 ϕϕ  =  ρρ +  xb sinλϕ +  yb cosλϕ + ττ +  γϕ I  + eϕ    (5)

wherein there are four unknown vectors xb, yb, zb and ττ which are the three
position coordinate vectors and the time drift vector, respectively, of K
consecutive positions of the balloon path. As the parameter γϕ (or cϕ) is
also unknown for each of the, say 10, Loran-C signals, there are in total
4K+10 regression parameters to be estimated. The measurement errors eϕ

are non-correlated white noise, as the sampling rate is 10 per second, and

the pseudo-distances ϕϕ are smoothed over 5 (or 10) second non-over-
lapping intervals. K is about 1024 (or 512, respectively) as the typical flight
time of a balloon is less than 5120 seconds. Thus, the maximum number of
measurements is 11K in case the radiosonde heights h are also available.
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2.4 Geometrical considerations

Each NavAid signal can be used to measure just the component of a
balloon motion that is parallel with its propagation direction λϕ. Thus,
NavAid-based tracking would suffer seriously from Geometric Dilution of
Precision (GDOP) if all signals were nearly parallel. This is the reason why
signals from distant Loran-C chains are not broadly used for windfinding.
Fortunately, the regression equations (5) of all Loran-C data that are based
on the physical dependency equation (2) can be augmented with regression
equations of height, angular and slant-range data based on equations (1). A
large non-linear equation system is obtained for each individual sounding,
see the Appendix: “Regression equations for hybrid tracking systems”.

However, the NavAid tracking method does not use the accurate
timing based on the pulse envelopes of Loran-C signals (Lange, 1985). This
would be too expensive to be applied to consumable radio-sondes. Thus,
the position of a balloon is not found here by radial geometry i.e. by simply
intersecting different spheres of known location and radius. The balloon
positions are estimated here by exploiting just phase data of the Loran-C
signals. The positional information is therefore relative to the launch
position of a balloon. Conventional tracking methods provide the positions
of a balloon in a more absolute sense. These two different sources of
positional information may often have small-scale conflicts that degrade
windfinding severely. The different measurements must be assimilated
effectively using a real-time calibration method before wind computation.

2.5 Optimum once-only calibration

The regression equation system (ii) of a hybrid tracking system is
described in the Appendix, page 30. This measurement equation system
contains many calibration parameters whose values must be obtained in one
way or another. No practical means for physical calibration of some of
these parameters exist. It is possible though to estimate all these parameters
for some overdetermined equipment configurations by the statistical
method of Minimum Least Squares (MLS). However, this depends on a
good GDOP and synergy of the measurements. If this is not the case,
additional calibration measurements are necessary. After the equations (ii)
have been properly linearized the following Canonical Block-Angular
(CBA) form of the measurement equations is obtained:
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where ∆ = the operator providing departures from estimated values;
yk = the vector of measurements for a balloon position k;
Xk= the Jacobian matrix at the position k, see Appendix;
Gk= the Jacobian matrix at the position k, see Appendix;
bk = the vector of balloon coordinates at the position k;
c  = the vector of calibration parameters; and,
ek  = the vector of measurement errors at the position k.

This linearized equation system (6) applies quite generally for optimum
calibration of observing systems and it was originally proposed by Kaj
Henricson in 1972. It was considered computationally intractable at the
time. The problem was later solved and described by Lange (1975 and
1988a). It specifies a high-pass filter that can be used to damp down slow-
varying calibration errors of overdetermined windfinding systems.

This calibration filter will now be generalized to work as a Kalman
Filter (KF) that offers an optimal statistical method for passing calibration
information forward from one sounding to the next (Lange, 1990b). Thus,
these hybrid tracking systems do not need to be overdetermined all the
time. Such calibration information is exploited by means of statistical
regularization as if some ancillary “measurements” were made. Their error
variances increase in time as the information content decreases.

3. STATISTICAL CALIBRATION

3.1 Calibration based on Kalman Filtering

Equations (7) - (9) below describe the underlying Markov process of
a Kalman Filter (KF). The linearized Measurement Equation (7) tells how a
measurement vector yt of n components depends on a state vector st of m
components and an error vector et of n components at time t:

 yt = Ht st + et ,  for  t = 1, 2,... (7)
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where Ht is the Jacobian matrix that stems from the partial derivatives of
the underlying physical dependencies. Here in the present balloon tracking
application, each state vector st is composed of K consecutive positional
vectors ∆bt,1, ∆bt,2, …, ∆bt,K (i.e. the departures from the 4-dimensional
vectors of an iterated balloon trajectory where time-oscillator drifts τk

constitute their fourth components) and of calibration parameter vector ∆ct.
The partitioned measurement equation (7) looks as follows:
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where yt = [∆yt,1', ∆yt,2',…, ∆yt,K']' and its element ∆yt,k is the vector of
observed departures from the expected values of measurements that have
been computed from the physical dependency equations (1) - (2) and where
the element et,k is the vector representing respective measurement errors for
k = 1, 2,…,K. Thus, Xt,1, Xt,2,…, Xt,K are the Jacobian matrices of partial
derivatives of the local physical dependencies and Gt,1, Gt,2,…, Gt,K are the
Jacobian matrices describing how the measurements are locally affected by
errors in the calibration parameters represented here by ∆ct.

Equation (9) describes time evolution of an overall system at time t.
It is the linearized System (or State) Equation:

 st = At st-1 + Bt ut-1 + at for  t = 1, 2,...  (and, s0 given) (9)

where matrix At is the state transition (Jacobian) matrix and Bt is the
control/calibration gain (Jacobian) matrix. The equation tells how present
state st of the overall system develops from its previous state st-1 when it is
also affected by control/calibration forcings ut-1 and random errors at.
Calibration adjustments and drifts are contained in vectors ut-1 and at,
respectively.

Here in the balloon tracking experiment, matrices At and Bt are
primarily composed of zero elements, as very simple random walk models
apply both to the consecutive balloon positions of a sounding, and to the
calibration parameters of tracking equipment from a previous sounding t-1
to the next sounding t.
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When measurement errors et and system noises at are neither auto-
nor cross-correlated, they do not correlate with s0 and the covariances are:

Rt = Cov(et) = E(et et')           (10)
Qt = Cov(at) = E(at at')

then the Kalman forward recursions from equations (11) - (14) give the
Best Linear Unbiased Estimates (BLUE) $s t  of present states st as follows:

$s t = ~s t   + Kt  (yt  - Ht ~s t ) (11)

where ~s t is predicted using either an underlying physical model or the State
Equation (9) as follows:

~s t  =  At  $s t-1 +  Bt  ut-1 (12)

and where the error covariance matrices for the prediction (simulation) and
the BLUE estimation, respectively, are given as follows:

~
Pt = Cov(~s t  - st) = E{(~s t - st)(~s t - st)'} = At $Pt -1  At' + Qt       (13)
$Pt = Cov( $s t - st)  = E{( $s t - st)( $s t - st)'} = 

~
Pt   -  Kt Ht  

~
Pt

and where the Kalman gain matrix Kt for t = 1, 2,… is computed from:

K t = 
~
Pt  H t' ( H t 

~
Pt  H t' + R t )

-1           (14)

These recursions (11) - (14) are usually initialized by setting $s 0 = Es0 (≅
r
0)

and $P0  = Cov( $s 0 - s0) = Cov(s0), which are assumed to be known (see e.g.
Jazwinski, 1970).

The recursive linear solution of $s t, given above by equations (11) -
(14), optimally updates the mean value vector $s t-1. The computational
solution requires the matrix Ht

~
Pt Ht'+Rt of size nxn to be inverted where n is

the number of measurements in vector yt. These recursion formulas are
good for Kalman Filtering applications where a small number of
measurements are available during each small time interval ] t-1,t]. It is the
fastest way of once-only updating a mean value vector. However, there is a
serious risk of erroneous feedback that may accumulate in repeated
corrections.
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Continued maintenance of calibration parameters by statistical means
is more complex than the case of a once-only calibration. All involved
calibration parameters must be continuously observable. The concept of
observability means that all state parameters are uniquely determinable by
statistical means (Grewal et al., 1993). This is possible only if there is a
sufficient degree of overdetermination in the combined system of linear
equations (7) and (9) for a balloon flight at time t (t = 1, 2,...). As all
measurements depend more or less linearly on their calibration parameters,
there must be a lot of data redundancy to make it possible to detect a
calibration error. The flight time of a balloon should be as long as possible
because the total number n+m of the combined equations must be
significantly larger than the number m of all the state parameters to be
estimated. The calibration parameters undergo random walk and the
synergy of different signals/sensors may also vary from sounding to
sounding.

These calibration problems have been analysed only late-hand in
large intercomparison experiments exploiting simultaneous measurements
from many different tracking instruments (Lange, 1984). Fortunately, the
real-time statistical calibration based on optimal Kalman Filtering is also
reliable (i.e. stable) under the stability conditions to be outlined next.

3.2 Stability of repeated statistical calibration

It is necessary and sufficient for an optimal linear Kalman Filter to be
stable that its observability and controllability conditions are satisfied
(Kalman, 1960). Non-linear systems are usually handled using local linear
approximations, e.g. by Extended Kalman Filtering (EKF). However, the
observability and controllability conditions are still necessary but not
absolutely sufficient to guarantee the stability of Kalman Filtering. We
briefly outline these conditions in the following:

Optimality of a Discrete Kalman Filter (DKF) means that all equations (7) -
(14) are absolutely valid. This is, of course, never true in the real world.
Thus, all practical implementations of Kalman Filtering are more or less
suboptimal. If a selected Kalman Filter solution is made as near to optimal
as possible then all real-world effects must be taken into account. True
optimality can be achieved only by meticulous physical modelling and
estimating all uncertainties properly;
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Observability means that the Kalman Filter is capable of estimating all m
components of the state parameter vector st, by extracting the information
that is contained in the measurement vectors yt, yt-1,..., y1 and s0. If the
observability condition is not satisfied then uncertainty in the estimated
values grows beyond acceptable tolerances according to equations (9) and
(13). Many calibration parameters are not observable at all if there is no
prior information on them or if the measurements depend on them in the
same linear way as other state parameters. Equations (1) are sufficiently
non-linear for estimating the calibration parameters only if long time series
of different measurements are analysed simultaneously;

Controllability is an important property of a system to be controlled. A
controllable system may be defined as a system which can be steered to
any state st from initial state s0 by using some controls u0, u1,…, ut-1 that
are available. Controllability of an observing system is also important. If
the sensors undergo physical calibration then:
1)  the numerical values of calibration must be given in u0, u1,…, ut-1; and
2)  there must be sufficient gain in matrix Bt of equation (9) upon the

calibration parameters in st in the sense that their random walk specified
in system noise vector at does not become superfluous.

Stability of an optimal linear Kalman Filter can be monitored by

computing its error covariances 
~
Pt  and $Pt  from equations (13). The filter is

unstable when these error covariances obtain excessively large values. This
happens if system noises at, at-1,…, a1 overrun the combined signal from
observational data yt, yt-1,…, y1  and  $s 0. The stability of an observing
system is controlled either by making more or better observations for
equation (7) or by improving physical modelling for equation (9).

There is also a difficult computational problem. The matrix to be
inverted in equation (14) for our balloon tracking experiment is of the order
of 11Kx11K (K=1024). This is such a demanding High Performance
Computing (HPC) task that without using the FKF method the statistical
calibration based on Kalman Filtering would be too difficult to apply
operationally at ordinary upper-air sounding stations.
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4. THE FKF METHOD

4.1 Harvey’s approach

The System Equation (9) is written into the following equivalent
form:

        At $s t-1 +  Bt  ut-1   =  I  st  + At ( $s t-1 -  st-1) - at                              (15)

and combined with Measurement Equation (7) in order to obtain the so-
called Augmented Model:

         y

A s B u
t

t t -1 t t -1$ +








   =

H

 I
t







  st    +

             e

A s s a
t

t t -1 t -1 t($ )− −








          (16)

i.e.             zt              =    Zt   st   +              ηηt

The state parameters may often be estimated by attempts of solving the
following Regression Analysis problem:

           $s t   = (Zt' Vt
-1 Zt)

 -1 Zt' Vt
-1zt                                  (17)

and
$Pt    = Cov( $s t - st) = (Zt' Vt

-1 Zt)
 -1          (18)

where Vt   = Cov(ηηt) = E (ηηt ηηt').

Formulas (17) - (18) are statistically but not numerically equivalent
to the Kalman recursions (11) - (14), see Harvey (1981). The size of error
covariance matrix Vt is (n+m)x(n+m). Its inversion is not a big problem as
it can always be made close to block-diagonal, see Lange (1997).
However, the outer inversion in Formula (18) is of the order of 4Kx4K.
This is still too large to be done on computers used for operational tracking
of weather balloons. Fortunately, the matrix Zt'Vt

-1Zt
 
 
is sparse and has a

bordered block-diagonal (or bordered band-diagonal) structure.
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4.2 The FKF formulas for calibration

The Regression Analysis model (16) of a hybrid tracking system
shrinks as At = diag(0, I), Bt = [0] and Gt,0 = I, after discarding all non-
informative equations, to the following model:
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e
(19)

where yt = [∆yt,1', ∆yt,2',…, ∆yt,K']', st = [∆bt,1', ∆bt,2',…, ∆bt,K', ∆ct']', et =
[et,1', et,2',…, et,K']' and at = [at,1', at,2',…, at,K', at,c']'. The FKF formulas for

updating the calibration parameter estimates ĉ∆ t and solving the positional

estimates b̂∆ t,1, b̂∆ t,2,…, b̂∆ t,K at sounding times t = 1, 2,… are then as
follows:

b̂∆ t,k = (Xt,k' Vt,k
-1 Xt,k)

 -1 Xt,k' Vt,k
-1 (∆yt,k - Gt,k ĉ∆ t)

for  k = 1, 2,…, K (20)

ĉ∆ t   =  { Σ
k 0

K

=
Gt,k'Rt,kGt,k}-1 Σ

k 0

K

=
Gt,k'Rt,k∆yt,k         

where for  k = 0:

Rt,0  = [Cov( ĉ∆ t-1 - ∆ct-1) + Cov(at,c)]-1

∆yt,0 = ĉ∆ t-1

R1,0  = [Cov(c0) + Cov(a1,c)]-1

c0  = vector of initial calibration
∆y1,0 = 0

and, for  k = 1, 2,…, K:
Rt,k =  Vt,k

-1 - Vt,k
-1 Xt,k (Xt,k' Vt,k

-1 Xt,k )
 -1 Xt,k' Vt,k

-1

Vt,k = Cov(et,k).

Let it be emphasized that these FKF formulas (20) are really fast to
compute. Matrix inversions of only size 4x4 and of about 20x20 are needed
for estimating the calibration parameters of a large hybrid tracking system.
These simple FKF formulas can be derived analytically from equation (17)
only by knowing Formula (21) when the matrix Zt'Vt

-1Zt is bordered block-
diagonal. The matrix Vt is not tedious to invert as it is typically block-
diagonal. If it is not block-diagonal then it must be made such by
introducing new calibration parameters that explain and remove the
unwanted error covariances from the model (19), see Lange (1997).
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Error variances and covariances of all the estimated parameters can
be obtained by computing the following covariance matrix:

$Pt  = Cov( $s t - st) = (Zt' Vt
-1 Zt)

 -1

     = 




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L

L
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L

         (21)

where  S   = { Σ
k 0

K

=
Gt,k'Rt,kGt,k}-1

and, for k= 1, 2, …, K:
 Ck = (Xt,k' Vt,k

-1 Xt,k )
 -1

 Dk
 = (Xt,k' Vt,k

-1 Xt,k )
 -1 Xt,k' Vt,k

-1Gt,k.

The error covariance matrix $Pt  above is immense but there is no absolute
need to compute it. Its blocks S and Ck+DkSD'k (k = 1, 2,…, K) can be
computed one at a time and they are needed for monitoring the stability of
an optimal FKF filtering process.

Formulas (20) - (21) can be easily derived by making use of the
bordered block-diagonal structure of the matrix Zt'Vt

-1Zt to be inverted and
of Frobenius’ formula:

1−









DC

BA
= 








−

−+
−−−

−−−−−−

111

111111

HCAH

BHACABHAA
 where H = D-CA-1B     (22)

4.3 Calibration of hybrid tracking systems

Operational windfinding systems can be equipped, temporarily at
least, with redundant sensors for producing measurement data yt (t = 1, 2,
…) with some overdetermination. Performance of the system can then be
checked by monitoring internal consistency of the measurements (Lange,
1983). Required corrective actions e.g. built-in-calibration can then be
made on call by Kalman Filtering.
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  The Kalman Filtering can be based on Weighted Least Squares
(WLS) computations when the residual errors of measurements are first
orthogonalized. The complexity of the involving inversion problem usually
calls for the Fast Kalman Filtering (FKF) method in Formulas (20) to be
used for any large hybrid system. Formula (21) indicates when an
operational tracking system becomes unstable. Modern sensors yield
measurements at high sampling rates which help to keep the observability
condition of an optimal or near-optimal linear Kalman Filter satisfied. The
Covariance Intersection (C/I) method of J. K. Uhlmann (1995) outlines a
procedure of modifying the measurement/system error covariances of
equations (10) for a conservative estimation when these covariances are
more or less unknown.

The Hybrid Windfinding Algorithm (HWA) package used in this
study monitors stability of the FKF calculations by computing the error

variances given in the diagonal of $Pt  (t = 1, 2,…) of Formula (21). If and
when these error variances grow beyond some acceptable tolerances then
overdetermination must be increased in one way or another.

5. STATISTICAL ACCURACY ESTIMATION

5.1 Estimation of error variances

Susan D. Horn’s, Roger A. Horn’s and David B. Duncan’s (1975)
Almost Unbiased Estimation (AUE) method based on C. R. Rao’s (1972
and 1975) Minimum Norm Quadratic Unbiased Estimation (MINQUE)
method has been applied. These two estimation methods allow quite
generally that the error covariance matrices Rt = Cov(et) = E(etet') of
measurements yt (t = 1, 2,…) need not be of full rank nor diagonal.
Fortunately, the case of a typical balloon tracking system is much simpler.
The vector of error variances to be estimated by Rao’s MINQUE (with an
assumption of the so-called translation invariance) takes the following
simple form:

σσ̂ ==[[ σ̂ 1
2, σ̂ 2

2,..., σ̂ Ν
2]]' = F-1 q    (23)

where N = n+m  and q is the vector of squared values of components of the
computed residual vector ηηt of an Augmented Model (16) and F is a square
matrix.
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 The residual vector ηηt, i.e. an innovation sequence of a Kalman
Filter, can be estimated by the respective FKF computations. However, the
matrix F and its inverse matrix F-1 are quite tedious to compute.
Furthermore, the computed error variances may sometimes obtain negative
values due to the unbiasedness requirement of the quadratic estimators.
Fortunately, good approximations of these error variances can also be
obtained by using the AUE method. These estimates are always non-
negative and much easier to compute.

The variance component estimates given by equation (23) depend to
some degree on their a priori values that have been used in the FKF
computations. Thus, iterative estimation procedures have been proposed
and studied e.g. by G. B. Goldstein (1969). Such methods for estimating
true absolute magnitudes of these error variance components are known as
“bootstrapping” but are not applied here by the HWA software.

5.2. Winds and windfinding accuracies

The cubic smoothing spline routine of Carl de Boor (1978) is used
for estimating winds and their accuracies from statistically calibrated
balloon tracks as reported in Lange (1988a). The interpolation accuracy of
a piecewise cubic polynomial xb = p' t = [p3, p2, p1, p0][t3, t2, t1, 1.0]' can be
computed from:

Var(xb) = t' Cov(p) t         (24)

Coefficient vector p and its covariance matrix Cov(p) are provided by the
smoothing cubic spline computation. Thus, the error variance of an
estimated wind component &xb  = p' &t  = [p3, p2, p1, p0][3t2, 2t1, 1.0, 0.0]' is
similarly obtained by the same time-differentation as follows:

Var( &xb ) = &t ' Cov(p)  &t
        (25)

   = [3t2, 2t1, 1.0, 0.0]  Cov(p) [3t2, 2t1, 1.0, 0.0]'
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6.    BALLOON TRACKING EXPERIMENT

Signals from the two Loran-C chains of Ejde (9007) and Bryansk
(8000), azimuth and elevation data from an automatic ME12 radio
theodolite (RT), and manual readings from an optical theodolite (OT) were
collected during the balloon tracking experiment at Upper-air Sounding
Station 02935 of Tikkakoski, Finland, 18-20 July 1997. A Vaisala
DigiCORA II sounding system provided height observations from Vaisala
RS80 radiosondes based on hydrostatic computation. The five hybrid
experimental soundings made at 06 and 18 UTC were part of the daily
routine observations of Station 02935. The balloon tracking for upper-air
windfinding is normally based on Loran-C signals only.

During the experiment, the balloon tracking computations were made
with the Hybrid Windfinding Algorithm (HWA) software. The OT and the
RT data improved overdetermination for a better observability of
calibration parameters. All the tracking signals/sensors were statistically
calibrated by using the FKF method. The time step used for the FKF
filtering was 12 hours. Each data window consisted of an entire sounding
of up to 80 minutes. The Loran-C and RT data were recorded at intervals
of 5 and 10 seconds, respectively. The optical readings are most accurate
but were available only at 60-second intervals due to the manual recording
used. The overdetermination needed for observability of all calibration
parameters was mainly based on the data-redundancy of the Loran-C
signals. However, the accuracy of the statistical calibration results relies
essentially on the OT data.

Different combinations of the Loran-C signals and the angular
measurements were experimented in order to demonstrate the importance
of overdetermination for a stable statistical calibration. However, the main
outcome was that statistical calibration seems to be a necessity in hybrid
balloon tracking systems.

Figures 1 and 2 show the estimated maximum likelihood horizontal
paths of the last balloon flight with and without the statistical calibration
based on the FKF method. These hybrid computations were based on the
two Loran-C signals of Slonim (8000-2) and Ejde (9007-M) as well as on
the respective height, OT and RT data.



22

The emerged saw-tooth feature in Figure 1 is not realistic at all. The
balloon drifted smoothly in North-Easterly winds as shown in Figure 2.

Figure 3 reveals that the saw-teeth were caused by a 4o systematic
error in the azimuth of RT. The 10-second and the 60-second azimuth
readings from the two theodolites are superimposed on simulated values.
The OT azimuth values given only at the 60-second intervals corrected the
distracted estimates of the computed balloon path only intermittently.
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Figure 4 below exhibits disappearance of the saw-tooth problem
after the statistical calibration was made by the FKF method. The RT
azimuths are, however, plotted below without the 4o correction for clarity’s
sake:

The simulated OT
and RT data go
here on top of
each other

The simulated
OT and RT data
go here on top of
each other
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Figures 5 and 6 show how the simulated Loran-C pseudo-distances
from Ejde (9007-M) and Slonim (8000-2) compare differently with the
observed signals before and after the statistical calibration made by FKF.

Figure 6 above confirms the proposed cause of the saw-tooth problem as
the simulated Loran-C data comply remarkably well with the real data.

The simulated Ejde
data with saw-teeth

The simulated Ejde data
without any saw-teeth

The simulated Slonim
data with saw-teeth

The simulated Slonim data
without any saw-teeth



25

Figure 7 gives the maximum likelihood horizontal path obtained from
a HWA computation when all available measurements were used:

There was no significant difference before and after the FKF calibration.

7. CONCLUDING REMARKS

Numerical experimentation was made with the HWA algorithm using
different selections of tracking measurements. These indicate that statistical
calibration becomes the more dependent on FKF, the fewer sensors are
available. This is because the observability condition requires time series of
a considerable length when data from only a few sensors are available.
Observability of calibration parameters depends much on the Geometric
Dilution Of Precision (GDOP) that varies from flight to flight. Well-
controlled subsystems like a precision radar or a number of high-quality
optical theodolites can be temporarily employed to facilitate the statistical
calibration of a balloon tracking system. Modern Loran-C and GPS-based
NavAid-tracking systems may also provide good reference data at high
sampling rates. However, their serious limitations either in geogaphical
coverage or in signal penetration suggest hybrid navigation solutions.
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APPENDIX

REGRESSION EQUATIONS FOR HYBRID TRACKING
SYSTEMS

The regression equation system for a hybrid tracking radar system
that is obtained by combining data based on the non-linear physical
dependency equations (1) and (5) can be expressed as follows:

 hk = zk -z0       +  ch + eh,k

 αk = arc tan ((yk-y0)/(xk-x0)) + δ(xk-x0<0) π +  cα + eα,k 

 εk = arc tan ((zk –z0)/ (x  - x y yk k0
2

0
2) )+ ( − )  +  cε  + eε,k   (i)

 ρk = (x - x ) + (y - y ) + (z - z )k 0
2

k 0
2

k 0
2  +  cρ + eρ,k

 ϕk =  ρk +  (xk -x0)sinλϕ + (yk -y0)cosλϕ  + τk  +  cϕ + k cτ + eϕ ,k

where hk, αk, εk, ρk and ϕk, for k = 1, 2,…, K, are the measurements of
balloon height h, azimuth α, elevation ε, distance ρ and Loran-C pseudo-
distance ϕ, respectively, and where δ(xk-x0<0) = 1 if xk-x0<0 and otherwise
= 0, from an upper-air wind sounding. All equipment is assumed to situate
exactly at the station coordinates x0, y0 and z0. The unknown calibration
parameters ch, cα, cε, cρ, cϕ and cτ are assumed to have linear effects on the
measurements. The measurement errors eh,k, eα,k, eε,k, eρ,k and eϕ,k are
assumed to be white noise and not to cross-correlate. The balloon
positions’ coordinates xk, yk and zk, plus the time drift τk, are to be
estimated. The first position of a balloon is usually known by the station
coordinates x0, y0 and z0 plus τ0 (≅0.0).  The balloons must not drift too far,
say not more than 50 km away, and the Loran-C transmitter must be distant
enough, say 500 km, from the sounding station because no curvature and
bearing corrections are made here in these simplified measurement
equations.

The Best Linear Unbiased Estimates (BLUE) for iterative Gauss-
Newton adjustments are found by differentiating the regression equations
(i) with respect to all the four coordinates xk, yk, zk and τk of the balloon
positions (k = 1, 2,…, K) and all the calibration parameters ch, cα, cε, cρ, cϕ

and cτ. Thus, the linearized regression equation system of the hybrid radar
system takes the Canonical Block-Angular form as follows:
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wherein the vectors, for k = 1, 2,…, K, are as follows:

∆yk = [ ∆hk, ∆αk, ∆εk, ∆ρk, ∆ϕk]'
ek     = [ eh,k, eα,k, eε,k, eρ,k, eϕ,k]'

 ∆bk = [ ∆xk, ∆yk, ∆zk, ∆τk]'
∆c   = [ ∆ch, ∆cα, ∆cε, ∆cρ, ∆cϕ, ∆cτ]'

and wherein the submatrices, for k = 1, 2,…, K, are as follows:
  

 0.0 0.0 1.0 0.0
 -sinαk/cosεk/ρk cosαk/cosεk/ρk 0.0         0.0

Xk =  -cosαksinεk/ρk -sinαksinεk/ρk cosεk/ρk      0.0
 cosαkcosεk sinαkcosεk sinεk          0.0
 cosαkcosεk+sinλϕ sinαk cosεk+cosλϕ sinεk              1.0

           1 0 0 0 0 0
 0 1 0 0 0 0

 Gk=  0 0 1 0 0 0
   0 0 0 1 0 0

 0 0 0 0 1 k

Numerical solution of the regression equation system (i) often faces
singularities caused by missing data or Geometric Dilution of Precision
(GDOP). In fact, the last columns of the matrices Xk and Gk are always
linearly dependent. This means that only the parameter sums τk+cϕ+kcτ

could probably be estimated. Thus, the linear model (6) of the hybrid radar
system (i) is always singular because it exploits only one Loran-C signal.
These problems can usually be overcome by regularization. For example,
the following tuning error information: τk – τk-1 ≈ cτ , for k = 1, 2,…, K;
could be introduced to the hybrid tracking radar computations as the
following ancillary “measurement” equations: tk  =  τk – ( τk-1 + cτ) + eτ,k  ≡
0.0, for k = 1, 2,…, K, respectively. The presented hybrid radar system
always has an accuracy that is at least as good as the respective radar has.
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If a distance measurement ρk is missing, then the sum τk+cϕ+kcτ of
the same index k cannot be estimated at all, and the hybrid system performs
more like a windfinding theodolite for this balloon position. The hybrid
theodolite system converts to a “secondary radar” if the unknown sum
τk+cϕ+kcτ can be estimated by some means. Differential Loran-C and a
high-quality time-reference oscillator could be used for that end.

If two Loran-C signals are available and they are not parallel (i.e. λϕ

≠ λψ ± nπ, for n = 0, 1, 2,…) then the hybrid theodolite system converts to
a hybrid “secondary radar” by pure statistical means. Its measurement
equations, for k = 1, 2,…, K, are then as follows:

 xk  = xk -x0    + cx       + ex,k

yk  = yk -y0    + cy       + ey,k

hk = zk -z0       + ch       + eh,k

αk = arc tan ((yk-y0)/(xk-x0))  + δ(xk-x0<0) π + cα       + eα,k 

εk = arc tan ((zk-z0)/ (x  - x y yk k0
2

0
2) )+ ( − )   + cε           + eε,k    (ii)

tk   =  τk -τ0        +k cτ + eτ ,k            
ϕk = ρk + (xk -x0)sinλϕ + (yk -y0)cosλϕ  + τk + cϕ +k cτ + eϕ ,k 
ψk = ρk + (xk -x0)sinλψ + (yk -y0)cosλψ + τk + cψ +k cτ + eψ ,k

where  xk = yk = tk ≡ 0.0 and ρk ≡ (x - x ) + (y - y ) + (z - z )k 0
2

k 0
2

k 0
2 . The

vectors and submatrices of the linearized regression equation system (6)
are, for k = 1, 2,…, K, respectively, as follows:

∆yk = [0.0, 0.0, ∆hk, ∆αk, ∆εk, 0.0, ∆ϕk, ∆ψk]'
ek    = [ex,k, ey,k, eh,k, eα,k, eε,k, eτ,k , eϕ,k , eψ,k]'

 ∆bk = [∆xk, ∆yk, ∆zk, ∆τk]'
∆c  = [∆cx, ∆cy, ∆ch, ∆cα, ∆cε, ∆cϕ, ∆cψ, ∆cτ]'

 1.0 0.0 0.0         0.0
 0.0 1.0 0.0 0.0
 0.0 0.0 1.0         0.0

Xk =    -sinαk/cosεk/ρk cosαk/cosεk/ρk 0.0         0.0
 -cosαksinεk/ρk -sinαksinεk/ρk cosεk/ρk      0.0
 0.0 0.0 0.0 1.0
 cosαkcosεk+sinλϕ sinαk cosεk+cosλϕ sinεk             1.0
 cosαkcosεk+sinλψ sinαk cosεk+cosλψ sinεk             1.0
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           1 0 0 0 0 0 0 0
 0 1 0 0 0 0 0 0

  0 0 1 0 0 0 0 0
Gk=  0 0 0 1 0 0 0 0

 0 0 0 0 1 0 0 0
 0 0 0 0 0 0 0 k
 0 0 0 0 0 1 0 k
 0 0 0 0 0 0 1 k

The launch position coordinates x1 (≅ x0), y1 (≅ y0) and z1 (≅ z0) of a balloon
are known with a good absolute accuracy. Such information is necessary
for locking phases of the Loran-C signals i.e. for estimating the calibration
parameters cϕ and cψ. The other balloon coordinates xk, yk and zk, for k = 2,
3,…, K, are not entirely unknown, because no balloon flies faster than e.g.
the speed of sound. On the other hand, the frequency stability of a local
time-reference oscillator is known from its technical specification. All such
ancillary information are to be exploited here in equation system (ii)
through using the indicated “measurement” equations of xk, yk and tk in
order to avoid ill-conditioned matrix inversions. In fact, a somewhat more
effective regularization could be achieved by replacing all x0, y0 and τ0 with
xk-1, yk-1 and τk-1 for the respective “measurement” equations. However, the
remarkably simple analytical structure of the FKF formula (20) would then
suffer, though the optimal solution can still be computed fast by a recursive
use of Frobenius’ formula (22), see Lange (1997).

All these simple regression models presented here can be straight-
forwardly generalized to more sophisticated hybrid systems by including
measurement equations with varying numbers of different sensors/signals
that are used/received at separate locations. The length K of the time-series
to be analysed at a time must often be increased in one way or another for
improving estimation of the calibration parameters. This may sometimes be
achieved by combining measurements made during several sounding times t
(t = 1, 2,…). Calibration parameters may, however, vary significantly from
sounding to sounding, depending on the calibration stability of equipment.
These calibration drifts can be taken into account statistically by
formulating the calibration problem as a Kalman Filter.


